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If the family of curves G=[1i]i and the set of points S are given, we find
necessary and sufficient conditions for the existence of a C k map f from the plane
into itself, 0k (if k=0 we also assume that f is locally Lipschitz), such that
the curves from G and the points from S are respectively nondegenerate trajectories
and singular points of the system x$= f (x), and additionally S _ (i 1i) is the
|-limit set of some trajectory of the system. In such cases, we also provide a
detailed geometric description of S _ (i 1i) (after contraction of the connected
components of S ).  1998 Academic Press
Key Words : Jordan curve; k-realizable system; |-limit set; open arc; singular
point; trajectory.
1. INTRODUCTION
When studying a dynamical system one would like to get an information
as rich as possible about the asymptotic behavior of its trajectories. In
particular it is natural to wonder how the structure of the set of limit
points of a given trajectory is. In the setting of discrete dynamical systems,
a characterization of such sets has been recently obtained in [ABCP] in the
one-dimensional case, while some progress has been also done in the multi-
dimensional case, see [AC1], [AC2], [JS], [Si]. For planar continuous
dynamical systems the interest on this problem dates back to Poincare but,
surprisingly enough, a complete characterization of their limit sets has not
been given. The present paper intends to fulfil this gap.
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In what follows, E will denote an open subset of R2. Let f =( f1 , f2) :
E  R2 be a continuous map for which the system of differential equations
{x$1= f1(x1 , x2),x$2= f2(x1 , x2),
admits unique solutions for given initial conditions (when we say that
f # D(E )). In the sequel this system will be denoted by Df . By a trajectory
of Df we always mean the image of a non-degenerate maximal solution
of Df . If . is a solution of Df and 1 is its image then we say that . is a
solution associated to 1. The |-limit set of a maximal solution . : (u, v)  E
of Df is the set
|(.)=[x # R2 : there is a sequence (tn)

n=1 of points from (u, v)
and converging to v such that (.(tn))n=1 converges to x].
The :-limit set of ., :(.), is defined in an analogous way (replacing v
by u). If . is a solution associated to 1 then we also write |(1 )=|(.) and
:(1)=:(.). Here R2 =R
2 _ [] denotes the standard compactification
of R2, and throughout the paper (unless it is explicitly stated) topological
notions for subsets of R2 or R2 will be referred to the topology of R
2
 . The
definitions of |- and :-limit set we have just given are convenient for our
purposes but slightly different from the standard ones (usually only points
from E are allowed to belong to these sets). This will not make any essen-
tial difference. The advantage of these definitions is that any |- or :-limit
set is now nonempty, closed and connected.
The question of the characterization of the |-limit sets of trajectories of
Df arises in a natural way (for :-limit sets the situation is obviously
analogous so we will not refer to them anymore). Let us be more precise.
If ( is a trajectory of Df then it is either an open arc or a Jordan curve, that
is, a topological space homeomorphic either to the real line or to the unit
circumference S1 (we reserve the term closed arc to denote a topological
space homeomorphic to a compact real interval); further, any of its
associated solutions  induces a natural orientation in (, which we denote
by []. Recall also that an |-limit set consists of the union of some trajec-
tories and some singular points (that is, points on which f vanishes or
belonging to Bd Ethe boundary of E ). Then the problem can be stated
as follows:
Let [(1i , oi)]i be a family of pairwise disjoint oriented open arcs or
Jordan curves, let S/R2 be disjoint from every 1i and write 0=S _ i 1i .
Find necessary and sufficient conditions for the existence of a map f such that
all points from S are singular, all curves 1i are trajectories of Df (with
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[.i]=oi for any solution .i associated to 1i) and there is a trajectory 1 of
Df for which 0=|(1 ).
Notice that we are only interested in the phase portrait of the system so
the original parametrizations of the curves 1i need not be solutions of Df
(see Section 5).
The first step towards such a characterization is the celebrated Poincare 
Bendixon theorem [Po], [Be], stating that if |(1 ) does not contain any
singular point of f then it consists of exactly one trajectory of Df (a Jordan
curve). If |(1 ) is allowed to contain an arbitrary number of singular points
then the situation is much more complicated and was first considered by
Solncev [So] and Vinograd [Vi], cf. [NS]. They showed that the number
of trajectories of |(1 ) is countable, and that for any trajectory ( of |(1 )
(not being a Jordan curve) there are some (connected) components C1 , C2
of S (not necessarily different) such that :(( )/C1 and |(( )/C2 . Also,
if |(1) consists of exactly one singular point and infinitely many trajec-
tories then the diameter of these trajectories must tend to zero (if |(1 ) is
unbounded the word ‘‘diameter’’ refers to any compatible metric with the
topology of R2 ).
Furthermore, Solncev and Vinograd succeeded in finding quite a descrip-
tive approach to |(1 ). More precisely, let f # D(E ) and denote its set of
singular points by S( f ). Let 1 be a trajectory of Df and put S=S( f ) & |(1 ).
Define the equivalence relation tS in |(1 ) by xtS y if x= y or there is a
component C of S such that x, y # C. Let |(1 )S be the quotient space
induced by tS and let R/|(1 )S be the set of equivalence classes of |(1 )S
containing points from the trajectories of |(1) (of course R can be iden-
tified to the union set of these trajectories). Then we have:
Theorem 1.1 (Solncev [So]). Suppose that |(1 ) is bounded. Then there
is a continuous onto map g : S1  |(1 )S such that g |g&1(R) : g&1(R)  R is
a homeomorphism.
Theorem 1.2 (Vinograd [Vi]). Suppose that |(1 ) is unbounded and
that the unbounded component of S contains  as its only point. Then
|(1 )"[] has a countable number of components. Moreover, let C be one
of these components and let C denote the set of equivalence classes of |(1 )S
containing points from C _ []. Then there is a continuous onto map
g : S 1  C such that g | g&1(R & C) : g&1(R & C)  R & C is a homeomorphism.
Informally speaking, the above theorems say that we can construct
‘‘cyclic paths’’ on |(1 ) visiting each of its non-singular points exactly once.
Theorems 1.1 and 1.2 comprise a lot of information indeed (for example
the Poincare Bendixon theorem is a particular case of Theorem 1.1). Still,
some questions remain open. For example we do not have full control on
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the relative orientation of the trajectories of |(1 ), even if we demand g to
be compatible with these orientations. For example let .1 , .2 : (0, 2?)  R2
be respectively defined by .1(t)=(&1+cos t, sin t), .2(t)=(1&cos t,
sin t), and put 1i=.i ((0, 2?)), i=1, 2. As is well known (see also the
Main Theorem below) there is no f # D(R2) for which simultaneously
11 _ [0] _ 12 is an |-limit set of Df and 11 , 12 are trajectories of Df with
[i]=[.i] for any solution i associated to 1i , i=1, 2. On the other
hand, the map g : S1  11 _ [0] _ 12 defined by
.1(2u), if 0<u<?;
g(cos u, sin u)={.2(2(u&?)), if ?<u<2?;0, if u=0 or u=?;
is in the conditions of Theorem 1.1 and preserves the orientations of the
curves 1i .
And, of course, Theorems 1.1 and 1.2 say nothing about the structure of
singular points from |(1 ). The following Vinograd’s theorem deals with
this problem by characterizing |-limit sets when considered as subsets
of R2 .
Theorem 1.3 (Vinograd [Vi]). Let 0/R2 . Then there is an f # D(R
2)
such that 0=|(1) for some trajectory 1 of Df if and only if there is a
simply connected domain O/R2 , <{O{R
2
 , such that 0=Bd O.
In particular, Theorem 1.3 solves the problem of characterizing |-limit
sets containing only singular points for maps from D(R2). Indeed in
Vinograd’s proof of the ‘‘if ’’ part of Theorem 1.3 (which is for example
reproduced in [NS, cf. Theorem 3.22, p. 19 and Theorem 1.73, p. 50]) all
points from 0 are singular points of the constructed map f. By the way it
is worth noticing that his argument does not work if we want f to be
differentiable (compare with the Main Theorem below). In fact, the map f
defined by Vinograd is locally Lipschitz in O but need not be locally
Lipschitz in the whole R2.
Apart from Theorem 1.3, the converse part of the characterization
problem has been hardly considered until now, although of course is well
known and easy to prove that the converse of the Poincare Bendixon
theorem also works, that is, for any sufficienty smooth Jordan curve C
there is an f # D(R2) for which C is a trajectory (and then an |-limit set)
of Df . This follows as a particular case for example from [Al], [Va], [Sv]
(they consider Jordan curves defined in implicit form).
The aim of this paper is to complete the results described above by
finding a full and explicit characterization of planar |-limit sets. In fact we
will work in some concrete settings. More precisely we will assume that f
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is of the class Cn, where n is either a nonnegative integer or n=. If f is
of the class C0 (that is, if f is continuous) then f need not belong to D(E ).
For this reason, when speaking about C0 maps we will always assume that
they are locally Lipschitz. If f # Cn(E ) then each of its trajectories 1 has
some special differentiability properties. Namely there is a homeomorphism
(a periodic onto map if 1 is a Jordan curve) . : I  1, defined on an open
interval I, whose derivative belongs to the class Cn and never vanishes. We
call a curve 1/R2 having this property respectively an (n+1)-open arc
or an (n+1)-Jordan curve and say that the corresponding map . is a
(n+1)-parametrization of 1.
In the following definition, Nv=(&v2 , v1) is the normal vector to
v=(v1 , v2).
Definition 1.4. Let 1k, let G=[(1i , oi)]i be a family of pair-
wise disjoint oriented k-open arcs or k-Jordan curves and let S/R2 be
disjoint from every 1i . Denote 0=S _ i 1i and fix for any i a k-param-
etrization .i of 1i with oi=[.i]. We say that (G, S) is a k-realizable
system if there is a simply connected domain O/R2 , <{O{R
2
 , such
that the following properties hold:
(a) 0=Bd O.
(b) Each 1i is open in 0 and is included in Bd(R2"(O _ 0)).
(c) (G, S) is compatibly oriented with respect to O, that is, if
x=.i (t) # 1i , y=.j (t) # 1j and =>0 is small enough, then either
x+=N.i$(t), y+=N.j$(s) # O or x&=N.i$(t), y&=N.j$(s) # O.
Roughly speaking, if x # 1i then any small ball B centered in x intersects
0 exactly in a small arc (/1i , which divides B into two components
U/O, V/R2 "(O _ 0). Moreover, either all vectors N.i$(t) point inside
O or all vectors N.i$(t) point outside O.
Now we are ready to give the promised characterization.
Main Theorem. Let 1k. Then the following statements hold :
(i) Let f # Ck&1(E ) and let 1 be a trajectory of Df . Then there are
a family [1i]i of trajectories of Df and a set S/S( f ) such that if
G=[(1i , [.i])]i , with every .i a solution of Df associated to 1i , then
(G, S) is a k-realizable system and |(1 )=S _  i 1i .
(ii) Let (G, S) be a k-realizable system, G=[(1i , oi)]i . Then there
are an f # Ck&1(R2) and a trajectory 1 of Df such that, for any i, 1i is a
trajectory of Df with oi=[.i] for every solution .i associated to 1i ,
S/S( f ) and |(1)=S _ i 1i .
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Remark 1.5. The case when f is (real) analytic will not be considered
here. In this situation the description of |(1 ) should be fairly simpler. For
instance it is well known (see [Be] and [Pe]) that if f1 and f2 do not have
a common analytic factor, that is, there are no analytic functions g1 , g2 and
h such that f1=hg1 , f2=hg2 , then any |-limit set containing no points
from the boundary of E consists of a finite number of singular points and
trajectories. Conversely it seems reasonable to conjecture that if (G, S) is an
-realizable system, both G and S are finite and each 1i has an analytic
parametrization, then S _ i1i is an |-limit set for some analytic system
(provided that the orientations of the arcs 1i are compatible). Unfor-
tunately the arguments of the present paper cannot be easily readapted, the
point being that we do not have in this setting an appropriate version of
Whitney’s theorem (cf. Theorem 3.1 below).
We will prove the Main Theorem in Sections 2 and 3. While our charac-
terization of |-limit sets turns out to be quite simple, it does not help very
much to reveal their geometrical structure. We address to this problem in
Section 4 and show that, after contracting each of the components of S
to one point, |-limit sets are essentially unions of a countable number of
Jordan curves with pairwise disjoint interior domains. We remark that
from this description Theorems 1.1 and 1.2 follow as easy corollaries.
2. PROOF OF THE MAIN THEOREM (i)
The proof of the Main Theorem (i) is easy. If 1 & |(1 ){< then it is a
periodic trajectory so we can assume 1 & |(1)=<.
Property (a) follows from Theorem 1.3. Alternatively, let O be the com-
ponent of R2 "|(1 ) including 1. Obviously O is a simply connected
domain and |(1 )=Bd O.
From the proof of the Poincare Bendixson theorem (cf. e.g. [CL, p. 396])
each 1i is open in |(1). Let T be a segment transversal to the field f and
containing a point x from 1i . To finish the proof of (b) is then sufficient
to show that the segments T1 , T2 into which x divides T cannot be simulta-
neously included in O. Again from the proof of the Poincare Bendixson
theorem we know that the sequence (xn)n=1 of points at which 1 intersects
T approaches motononically to x, and then must be included say in T1 .
Further, let Cn be the Jordan curve consisting of the arc in 1 with end
points xn and xn+1 and the segment connecting them, and realize that we
can fix one of the components On of R2"Cn in such a way that
O=n=1 On . Then T2 & O=<.
Finally, suppose that (c) does not hold. Then there are trajectories 1i ,
1l/|(1 ), points x # 1i , y # 1l , and a closed arc (/O _ [x, y] with end
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points x, y having the following additional properties. Firstly, ( is trans-
versal to f in some small neighborhoods of x and y. Further, there is a
component V of O"( such that for any w # ( close enough to x or y and
any t>0 small enough we have .w(t) # V, where .w denotes the maximal
solution of Df with .w(0)=w. When travelling from V to the other compo-
nent of O"(, 1 cannot cross ( near x or y. Thus ("[x, y] must intersect
|(1 ), a contradiction.
3. PROOF OF THE MAIN THEOREM (ii)
Let us begin with a brief sketch of the proof. Generally speaking, the
map f and its derivatives will be appropriately defined on a closed set
including 0=S _ i 1i and then extended to the whole R2 using a power-
ful Whitney’s extension theorem (see [Wh] and [St, Theorem 4, p. 177]).
In order to formulate Whitney’s theorem let us first recall some standard
notation. If ; # ([0] _ N)2, y # R2 and f is a (sufficienty differentiable) map
defined on an open subset of R2, we denote ; !=;1 ! ;2 !, |;|=;1+;2 ,
y;= y;11 y
;2
2 and D; f ( y)=(
;1+;2x;11 x
;2
2 ) f ( y). As usual we mean
D0 f = f, and f |A will denote the restriction of f to A.
Whitney’s theorem can be stated as follows:
Theorem 3.1. Let C/R2 be a closed set (as a subset of R2). Then the
following statements hold:
(i) Let f 0 : C  R2 be a bounded Lipschitz map. Then there is a
bounded Lipschitz map f : R2  R2 such that f |C= f 0.
(ii) Let 1l and let f ; : C  R2 be arbitrary maps for any
; # ([0] _ N)2 with 0|;|l. Let F #, r : C_C  R2 be defined by
F #, r(x, y)=
f #(y)&0|;|r ( f #+;(x)( y&x) ;; !)
&y&x&r
if x{ y and
F #, r(x, x)=0
otherwise, for any # # ([0] _ N)2 and 0r< with |#|+rl. Suppose that
all maps F #, r are continuous. Then there is a Cl map f : R2  R2 such that
D; f |C= f ; for any ;.
We can describe now the essential of the proof of the Main Theorem (ii)
more precisely. We begin by associating to any k-parametrization . of a
k-open arc or a k-Jordan curve 1 a natural Ck&1 map f. (defined on a
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neighborhood of 1) such that Df . has . as a solution. With this and
Theorem 3.1, the theorem is very easy to prove in the case S=<.
The case S{< is somewhat more complicated. Fixed k-parametriza-
tions .i of the arcs 1i (with [.i]=oi), we choose appropriate subtra-
jectories of Df .i ‘‘converging’’ to 1i and connect them to construct a
k-parametrization . of a k-open arc 1 such that |(.)=0; here the defini-
tion of |-limit set is extended to parametrizations of arbitrary open arcs in
the obvious way. As will turn out, maps f.i and f. coincide at the intersec-
tion of their domains and then can be extended to a Ck&1 map f defined
on an open neighborhood of 1 _ i 1i and having 1 and 1i among its
trajectories. Next we define a positive C map + on R2"S such that + and
its successive derivatives go to zero quickly enough as x approaches S,
and consider the map +f . Since we have just changed velocities, 1 and
1i are still trajectories of the new system. Further, if we define maps
f ; : 1 _ 0  R2, 0|;|k&1, by
f ;(x)={D; (+f )(x) if x # 1 _ .i 1i ,0 if x # S,
then we will be in the conditions of using Theorem 3.1 to find a Ck&1 map
f defined on the whole plane which extends the map f 0. This is the map we
are looking for.
Before going into the details of the proof we need a basic lemma, where
we use the notation from Definition 1.4. If A/R2 then Cl A will denote
the closure of A.
Lemma 3.2. Let (G, S ) be a 1-realizable system. Then the following
properties hold:
(i) If S=< then G consists of a Jordan curve. If S{< then G is
countable and 1i is an open arc for any i.
(ii) If S{< then :(.i) and |(.i) are included in some (not
necessarily different) components of S for any i.
(iii) Suppose that 0 contains more than one point and let B denote
the open unit ball. Then there are a set D/Cl B and a homeomorphism
g : O _ i 1i  D such that g(O)=B and g |O is holomorphic.
Proof. Clearly we can assume G{<. Due to Definition 1.4 (b),
Cl O{R2 . Then, according to a well known extension of the Riemann
mapping theorem [Ru, pp. 309310], there are a set D/Cl B and a con-
tinuous bijective map g : O _ i 1i  D such that g(O)=B and g|O is
holomorphic. Taking into account that 0 is connected because it is the
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boundary of a simply connected domain and that each 1i is open in 0,
the lemma follows easily. K
Let .: I  1 be a k-parametrization of a k-open arc or a k-Jordan curve 1.
Let g. : I_R  R2 be defined by g.(t, u)=.(t)+uN.$(t). We will use
some ‘‘inverses’’ of this map to construct the desired map f., so we need
some information about its injectivity. The tedious but elementary proof of
the following lemma is left to the reader. Notice that the lemma does not
necessarily hold if the derivative .$ is not locally Lipschitz.
Lemma 3.3. Let J be a compact subinterval of I such that . |J is one-
to-one. Then there are some }, {>0 such that &g(t$, u$)& g(t, u)&
{ &(t$&t, u$&u)& for any (t, u), (t$, u$) # J_[&}, }].
In order to construct f. we just fix an appropriate neighborhood V. of
1 and define f.(x)=.$(t) if there is an ortogonal segment to .$(t) in V.
containing both x and .(t). Due to Lemma 3.3, if V. is small enough then
this map is defined with no ambiguity and is of the class Ck&1 (see Fig. 1).
Obviously . is a solution of Df. . Further, if .~ is another solution of Df.
and V. and V.~ are small enough then
f.(x)=f.~ (x) for any x # V. & V.~ . (1)
We are ready to prove the Main Theorem (ii).
Proof of the Main Theorem (ii) in the case S=<. According to Lemma
3.2(i), G consists of an oriented k-Jordan curve (1, [.]), where . is a
k-parametrization of 1. Take f. and V. as above, let C/V. be a compact
Fig. 1. The map f. and the neighborhood V.. Here f.( x)= f.(x1)= f.(x2)=.$(t),
f.( y)= f.( y1)= f.( y2)=.$(s).
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neighborhood of 1 and, with the notation of Theorem 3.1, define f ;=
D; f. |C for any ; # ([0] _ N)2 with 0|;|k&1. Obviously these maps
are in the conditions of Theorem 3.1. Then f 0 can be extended to a map
f # Ck&1(R2) and the theorem follows. K
Proof of the Main Theorem (ii) in the case S{<. It is sufficient to
prove the theorem under the additional assumption   S (then 0 is com-
pact in R2). The case  # S can be dealt then by using an adequate confor-
mal transformation. Just notice that after recovering the original setting the
obtained f will satisfy the required conditions in the theorem except that it
will be defined on R2"[x] for some point x, which can be chosen not
belonging to 0. Then it suffices to modify f in a small neighborhood of x
to make it (differentiably) extendable to the whole R2. For the moment we
also assume that we are in the most difficult case G{<.
The construction of 1 is fairly direct. It will consist of consecutive arcs (n ,
2n , n1. Each arc (n is a subtrajectory of Df.i for some i=i(n), while essen-
tially 2n just connects (n and (n+1. We assign accordingly a k-parametrization
. to 1 such that if .(In)=(n then . | In is a solution of Df.i(n) . In the light of
Lemma 3.2 (iii), these arcs can be easily chosen in such a way that
|(g b .)=S1 (2)
for the map g defined there and
.
i
1i & Cl \.n 2n+=< (3)
(see Fig. 2); notice that (3) is possible because of the compatible orienta-
tion of the arcs 1i , which is clearly conserved by g.
Fig. 2. The arc 1. In this case G consists of the arcs 11 , 12 and 13 .
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In fact we claim |(.)=0. Clearly, |(.)/0. Let 0$ denote the set of
points x from 0 for which there exists a closed arc 1x having x as one
of its end points and such that 1x"[x]/O. Since Cl 0$=0 (see e.g. [Bu,
Exercise 1.16, p. 25]), it is sufficient to show 0$/|(.).
Let x # 0$ and define 1x as above. If 1 intersects 1x as close to x as
necessary then we are done. On the contrary, we can assume 1x & 1=<.
Because of (2) and (3), g(1) ‘‘spirals’’ around S1 and then S 1/Cl g(1x).
This implies that Cl 1x includes all arcs 1i , which is impossible.
Once we have 1 we must construct f. A natural choice is the following.
Due to (3) and as in (1) (recall also that each . | In is a solution of Df.i(n)),
the neighborhoods V. and V.i can be chosen so that the map f : V. _
i V.i  R
2 given by
f (x)={ f.(x)f.i (x)
if x # V. ,
if x # V.i for some i,
is well defined and then is of the class Ck&1. Unfortunately, we cannot
define f as f because f need not even be continuously extendable to the
whole plane. Hence we must correct f by multiplying it by a suitable factor
+(x).
We will need +(x) and its successive derivatives to become closer and
closer to zero (in a sufficiently quick way) as x approaches S. A convenient
way to construct such map is to put +=h b $, where $ and h are defined as
follows. As the map $ we take a (fixed) ‘‘regularized distance’’ to S, that is,
a continuous map $ : R2  [0, ) whose restriction to R2"S is of the class
C and vanishing exactly at S (an example of such a map can be found
for example in [St, Theorem 2, p. 171]). In order to construct the C map
h : (0, )  (0, ) we first define it at the points 1n, n # N, and then
extend it to the interval (1, ) as a constant and to each interval
(1(n+1), 1n) as
h(t)=h(1(n+1))+[h(1n)&h(1(n+1))] ,(tn(n+1)&n),
with , : [0, 1]  [0, 1] a fixed C increasing map such ,(0)=0, ,(1)=0
and all its derivatives at 0 and 1 vanish. In particular notice that if the
numbers =n>0 are given and h takes small enough values at the points 1n
then
|D;(h b $ )(x)|<=n if 0<dist(x, S )1n and |;|n;
here we are using the compactness of S.
We can now finish the proof. For example assume k=; the other cases
are analogous. We want to use Theorem 3.1 so we take C=1 _ 0 as the
required closed set (properly speaking C is not closed because 1 is an open
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arc so we must cut it a little bit at its left side) and define the correspond-
ing f ; by
f ;(x)={D; (+f )(x) if x # 1 _ .i 1i ,0 if x # S,
where +=h b $ and h is to be chosen.
We must show that each F #, r in Theorem 3.1(ii) is continuous. Because
of the definition of the sets V. and V.i it is clearly not restrictive to assume
that f and all its derivatives are bounded at the sets [z # R2 : dist(z, S )>=]
for any =>0. Thus h can be chosen so that all maps f ; are continuous.
This and Taylor’s theorem imply the continuity of F #, r except maybe at the
points (u, u), u # S.
The continuity of the maps F #, r at these last points is guaranteed if we
show that if (dist(x, S ), dist( y, S )) # [0, 1n]2"[0, 1(n+1)]2 and |#|+rn
then &F #, r(x, y)&<1n. Essentially, this holds true when +f and its
derivatives until the order n become small enough at [z # R2 : dist(z, S )
1n]. To realize it, notice that there is a number dn>0 depending only of
n with the property that if &x& y&dn then +f is well defined on the seg-
ment having both x and y as its end points and we can evaluate F #, r(x, y)
using Taylor’s theorem; on the other hand, if &x& y&>dn then the
denominator in F #, r(x, y) is large enough and F #, r(x, y) can be got small
if each of the maps f #+; are individually small. Since we can control the
size of +f and its derivatives by reducing h even more if necessary, we are
done.
To sum up, we can apply Theorem 3.1 to construct a C map f in R2
extending f 0 at 1 _ 0 and for which all points from S are singular.
Further, since 1 and 1i are still trajectories of the system D+f , they are
trajectories of Df as well. [More precisely, the maximality of each 1i is
implied by Lemma 3.2 (ii) while 1 can be extended to a trajectory 1 of Df
also satisfying |(1 )=0.] The theorem is proved.
Recall that we have supposed G{< until now. The case G=< does
not involve significant differences. Avoiding the trivial case S=[u], we can
use the map g from Lemma 3.2 to analogously construct a k-parametriza-
tion . of a k-open arc 1 with the property |(.)=S. Then we use f := f.
and proceed as in the case above. K
4. AN EXPLICIT DESCRIPTION OF |-LIMIT SETS
This section is devoted to find a more informative description of |-limit
sets than that provided by the Main Theorem.
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To this aim, fix in what follows a 1-realizable system (G, S ) (we maintain
the notation from Definition 1.4). We discard the trivial case S=<, when
G consists of exactly one Jordan curve. Let U be the component of R2 "S
including O. Notice that i 1i/U and S=Bd U. Next define the equiv-
alence relation tU in R2 by xtU y if x= y or there is a component C of
R2 "U such that x, y # C, and let R
2
, U be the quotient space induced by
tU . If A/R2 then AU/R2, U is the set of equivalence classes from R2, U
containing points from A. In particular we will write O=0U , S=SU and
Gi=(1i)U (of course Gi and 1i are essentially the same thing).
An important point about tU is that R2, U is homeomorphic to R2 .
The details of this and similar topological facts which will be either
implicitly or explicitly used in the sequel are left to the reader, who is
referred to [Ku] for the necessary background. For instance S is totally
disconnected (each of its components is a single point). Moreover, for any
X # S there is exactly one component Sj of S such that (Sj)U=[X]. Recall
also that O is a continuum (a compact connected set), each Gi is open in 0,
and Cl Gi=Gi _ [X, X$], where X, X$ # S may coincide.
Next we are going to show that it is possible to find a relatively simple
‘‘tree-like’’ description for O. Notice that we are not claiming to have a
complete description of our original set 0. For instance, if 0 consists only
of singular points then O just collapses to one single point. On the other
hand it remains dubious whether the boundary of a simply connected
domain, which generally speaking is rather a complicated set, can be
geometrically described in a simple, satisfactory fashion.
The key to understand the shape of O is the following result.
Proposition 4.1. The following statements hold:
(i) Any subcontinuum of O is arcwise connected; in particular, O is
arcwise connected.
(ii) For any Gi there is a Jordan curve in O including Gi . Any Jordan
curve in O is the union of some curves Gi and some points from S, and two
different Jordan curves can intersect at most in one point (a point from S ).
(iii) For any X # S and any =>0 there is a Jordan curve C/R2, U
not containing X such that C & S=<, C intersects at most a finite number
of arcs Gi , and the component of R2, U"C containing X has a diameter less
than = (in any fixed metric distU ( } , } ) compatible with the topology of R2, U ).
Proof. Let A/O be a continuum. Clearly A has no nowhere dense
subcontinua containing more than one point. Then it is locally connected
by [Ku, Theorem 2, p. 247]. Since O is metrizable, [Ku, Theorem 2, p. 253
and Theorem 1, p. 254] imply that it is arcwise connected. This proves (i).
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In order to prove (ii), assume that the first statement does not hold.
Then O"Gi cannot be connected by (i). In fact the arcwise connectness of
O implies that O"Gi has exactly two components A1 and A2 , which can
then be separated by a Jordan curve. This curve must intersect Gi , in con-
tradiction with Definition 1.4 (b). The final statements in (ii) follow easily
from the definition of O.
To prove (iii) use the total disconnectness of S and [Ku, Theorem 5,
p. 539 (cf. also p. 189)] to find a closed arc A/R2, U with S/A. Using
this arc and the disconnectness of S again, it is easy to construct two
disjoint continua A1 , A2 with S/A1 _ A2 , X # A1 , and Y # A2 for any
Y # R2, U such that distU (X, Y )=. Let C be a Jordan curve separating
A1 and A2 . Since each Gi is open in O, C is clearly adequate for our
purposes. K
We are ready to describe 0 (or, better to say, O). Our ‘‘bricks’’ are the
Jordan curves included in O. By (ii) we can enumerate them as [Cr]sr=1 ,
with 1s (we omit the trivial case 0=S). Observe also, by the way,
that we can fix for any r a component Vr of R2, U"Cr in such a way that
Vr & Vr$=< if r{r$. Moreover, either all normal vectors to the curves Gi
point inside sr=1 Vr , or all normal vectors point outside 
s
r=1 Vr .
Recall that O is arcwise connected, so we must describe how the curves
Cr connect each other. To this aim we define inductively a family of sub-
continua [Ap]qp=1 of O (again with 1q), each of them consisting of
the union of some Jordan curves and some points from S, as follows. To
begin with, A1=C1 . If the sets A1 , ..., Ak have been already defined we first
check whether all curves Cr are included in kp=1 Ap . If so, q=k and the
construction is finished. If not, let Cs the first Jordan curve not included in
kp=1 Ap . By (i) and (ii), only two possibilities arise. If Cs has one common
point with kp=1 Ap then we simply write Ak+1=Cs . Otherwise Cs &
kp=1 Ap=<. Then there is a closed arc B intersecting Cs and 
k
p=1 Ap
exactly in its end points (use (i)). Now we define Ak+1 as the union set of
Fig. 3. Some possible configurations for the sets A1 , A2 and A3 are depicted. Here A2=C2
and A3 is enclosed by the dotted line. The thick curve is the arc B connecting A1 and A3 .
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Fig. 4. To simplify the picture each set Ap is represented by a closed curve. Here A1<
A2<A3<A4<A6<A8<A9 , A1<A5 , A1<A10 , A2<A7 and, for instance, A1 OA7 (but not
A1<A7).
Cs , B and all the Jordan curves including curves Gi from B (see Fig. 3).
Notice that if Ak+1 includes infinitely many Jordan curves then their
diameters must tend to zero by (iii), so Ak+1 is a continuum. We also
emphasize that Ak+1 and kp=1 Ap have exactly one common point
(from S).
Let A=qp=1 Ap . If q< then A=O because of (iii). If q= the
situation is subtler. In order to understand it we must first order the
sets Ap . We say that Ap<Ap$ if p<p$ and p is minimal with the property
Ap & Ap${<. Also, we say that ApOAp$ if there are numbers p= p0<
p1< } } } <pk= p$ such that Ap0<Ap1< } } } <Apk (see Fig. 4). The symbol
P has the obvious meaning. Observe that property (iii) implies that the
diameters of the sets pPp$ Ap$ tend to zero when p   (this rules out the
possibility that O has a structure as that of Fig. 5).
Fig. 5. This set is a continuum but cannot be an |-limit set.
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We can now conclude the description of O. The existence of points from
O outside A (which must belong to S) is related to the possibility of
constructing infinite increasing sequences of sets Ap . More precisely, for
any increasing sequence (Ap(l ))

l=1 (with regard to <) there is exactly
one X # O"A such that distU (Ap(l ) , X )  0, and for any X # O"A there
is exactly one strictly increasing sequence (Ap(l ))

l=1 with p(1)=1 with
distU (Ap(l ) , X )  0 (use (ii)). We emphasize that A may equal O even in
the case q=. Some possible structures for O are depicted in Fig. 6.
Remark 4.2. Conversely, it is possible to show that if O has the struc-
ture described above then the corresponding (G, S ) is a 1-realizable system
(although an additional condition is necessary because a set as that of
Fig. 7, which after contraction is a Jordan curve, cannot be an |-limit set).
We will not go into the details.
Fig. 6. Two |-limit sets (already seen in R2, U ). 0 is bounded and 0$ is unbounded, each
of its three components (together with ), being |-limit sets as well.
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Fig. 7. Here S is the square and 10 is the open arc.
5. FINAL REMARKS
A drawback of the Main Theorem (ii) in its present form is that the
original parametrizations of the arcs 1i need not be solutions of the
system Df . Hence, for any given 1k, it would be interesting to
characterize the pairs (H, S ) (where H=[.i]i is a family of k-parametri-
zations .i : Ii  1i of pairwise disjoint k-open arcs or k-Jordan curves 1i ,
and S is a subset of R2 disjoint from every 1i) for which there is a C
k&1
map f : R2  R2 such that S/S( f ), all maps .i are maximal solutions of
Df and |(1)=S _ i 1i for some trajectory 1 of Df . However, in this
setting it seems even difficult to suggest a reasonable conjecture. For
instance, although the existence of a Ck&1 map g : R2  R2 for which
S/S(g) and all maps .i are maximal solutions of Dg is certainly a
necessary (and completely unsatisfactory) condition, it is not a sufficient
one. This is shown in the following example.
If x, y # R2, let [x, y] denote the closed segment having x and y as its
end points. Put S1=[0, (0, 1)], S2=[(0, 1), (12, 1)] and write S=S1 _ S2 .
It is easy to find an -parametrization . : R  10 of an -open arc 10
with the following properties:
(a) S & 10=<,
(b) .(t)=(exp t, exp t) for any t # (&, 0],
(c) limt   .(t)=(0, 1),
(d) The sets [(x, y) # R2 : 0<x< y<1] and S2"[(0, 1)] lie in the
same component of R2"(S1 _ 10)
(see Fig. 8). Let h : R2  R2 be defined by
h(x1 , x2)=(x1 , x1)
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Fig. 8. The set S _ 10 .
for any x # R2. Notice that S1/S(h) and . | (&, 0] is a solution of Dh .
Consider also the map f : R2  R2 defined by
f (t, u)=.(t)+u(.$1(t)&.$2(t), .$1(t)+.$2(t))
for any (t, u) # R2. Using the inverse mapping theorem we can find open
sets U, V with R_[0]/U and V=f (U), such that f |U : U  V is a C 
diffeomorphism. If we denote g~ =(f |U)&1 and define h =.$ b g~ 1 , we get that
. is a solution of Dh (recall that g~ 1 is the first component of g~ ). Further,
notice that there is a neighborhood W of 0 with h(x)=h (x) for any
x # W & V. Then it is easy to reason as in the proof of the Main Theorem
(ii) to find a C diffeomorphism % : R  R with %(t)=t for any t #
(&, 0] and a C map g : R2  R2, such that S/S(g) and .~ =. b %&1 is
a solution of Dg .
However, there is no C1 map f : R2  R2 for which S/S( f ), .~ is a solution
of Df and additionally S _ 10 is the |-limit set of some trajectory of Df . In
fact, assume that such a map f exists. We claim that df (0)(1, 0)=(1, 1).
Indeed, we have .~ $(t)= f (.~ (t)) for any t and in particular
(exp t, exp t)=.~ "(t)=df (.~ (t))(.~ $(t))=df (.~ (t))(exp t, exp t)
for any t # (&, 0]. Hence, df (.~ (t))(1, 1)=(1, 1) for any t # (&, 0]
from which df (0)(1, 1)=(1, 1). On the other hand, we obviously have
df (0)(0, 1)=0. Therefore, df (0)(1, 0)=(1, 1).
Let 0<=<1 be small enough so that
& f ( y)& f (x)&df (x)( y&x)&
&y&x&
<
1
2
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for any x, y # [(0, =), (=, =)], x{ y, and
df2(x)(1, 0)> 12
for any x # [(0, =), (=, =)]. If in particular x=(0, =), then f (x)=0 and so
f2( y)&y&x&>0 (and f2( y)>0) for any y # [(0, =), (=, =)]"[(0, =)].
Let  be a solution of Df with |()=S _ 10 . Clearly, there are some
t<u with 2(t)>=, 2(u)<= (use (d)). Let t$ # (t, u) be maximal with
2(t$)==. Then f2((t$))=$2(t$)0. This is impossible.
REFERENCES
[ABCP] S. J. Agronsky, A. M. Bruckner, J. G. Ceder, and T. L. Pearson, The structure of
|-limit sets for continuous functions, Real Anal. Exch. 15 (19891990), 483510.
[AC1] S. J. Agronsky and J. G. Ceder, What sets can be |-limit sets in En?, Real Anal.
Exch. 17 (19911992), 97109.
[AC2] S. J. Agronsky and J. G. Ceder, Each Peano subspace of E k is an |-limit set, Real
Anal. Exch. 17 (19911992), 371378.
[Al] M. I. Al’mukhamedov, On the construction of a differential equation having given
curves as limit cycles, Izv. Vyss . Uc ebn. Zaved Mat. 1, No. 44 (1965), 1216. [in
Russian]
[Be] I. Bendixson, Sur les courbes de finies par des e quations diffe rentielles, Acta Math.
24 (1901), 188.
[Bu] R. B. Burckel, ‘‘An Introduction to Classical Complex Analysis,’’ Vol. I, Birkha user,
Basel, 1979.
[CL] E. A. Coddington and N. Levinson, ‘‘Theory of Ordinary Differential Equations,’’
McGrawHill, New York, 1955.
[NS] V. V. Nemytski@$ and V. V. Stepanov, ‘‘Qualitative Theory of Differential Equations,’’
Dover, New York, 1989.
[JS] V. Jime nez Lo pez and J. Sm@ tal, On |-limit sets of triangular maps with nonempty
interior, in preparation.
[Ku] K. Kuratowski, ‘‘Topology,’’ Vol. II, Academic Press, New York, 1968.
[Pe] L. M. Perko, On the accumulation of limit cycles, Proc. Amer. Math. Soc. 99 (1987),
515526.
[Po] H. Poincare , Sur les courbes de finies par les e quations diffe rentielles, J. Math. Pures
Appl. 1, No. 4 (1885), 167244.
[Ru] W. Rudin, ‘‘Real and Complex Analysis,’’ McGrawHill, New York, 1974.
[Si] A. G. Sivak, On the topological structure of attractors for continuous maps,
preprint.
[So] Iu. K. Solncev, On the asymptotic behavior of integral curves of a system of dif-
ferential equations, Izv. Akad. Nauk SSSR 9 (1945), 233240. [in Russian]
[St] E. M. Stein, ‘‘Singular Integrals and Differentiability Properties of Functions,’’
Princeton Univ. Press, Princeton, 1970.
[Sv] R. Sverdlove, Inverse problems for dynamical systems, J. Differential Equations 42
(1981), 72105.
487PLANAR DYNAMICAL SYSTEMS
File: DISTL2 340120 . By:CV . Date:24:04:98 . Time:13:08 LOP8M. V8.B. Page 01:01
Codes: 1480 Signs: 491 . Length: 45 pic 0 pts, 190 mm
[Va] R. T. Valeeva, Construction of a differential equation with given limit cycles and
critical points, Volz Mat. Sb. 5 (1966), 8385. [in Russian]
[Vi] R. E . Vinograd, On the limiting behavior of an unbounded integral curve, Moskov.
Gos. Univ. Uc . Zap. 155, Mat. 5 (1952), 94136. [in Russian]
[Wh] H. Whitney, Analytic extensions of differentiable functions defined in closed sets,
Trans. Amer. Math. Soc. 36 (1934), 6389.
         
488 BALIBREA AND JIME NEZ LO PEZ
